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Macroeconomic processes and expectations  

Brigitta Tóth-Bozó 

The study focuses on the problem of introducing expectations, as a subjective factor, into 

economic theoretical models. The basis of the model presented here is the well-known 

conventional Keynesian IS-LM model. It also follows that the concept of the IS-LM model can 

be approached as a problem or task in several ways. Also used was a discretized model 

encompassing three distinct categories of expectations, namely, simple, adaptive, and rational. 

It can be concluded that the type of expectation affects the number of stable cases in the model. 

The inclusion of the adaptive expectation results in the highest number of stable cases within 

the range of economically relevant values of the parameters studied. Numerical examples 

illustrate the results. 
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1. Introduction 

There is no doubt that it is very important to take expectations into account in 

economic models. But opinions are divided on how to do it. Rational expectation1, 

which was dominant for decades, has lost its luster in recent years and alternative 

types of expectation have come to the fore in models. Today it is much more 

accepted to consider alternative mechanisms for expectation formation than some 

years ago. In this paper, however, I return to the "old classics", even though in 

recent years there has also been a substantial number of papers on other types of 

expectation that seek to replace rational expectation.  

An approach to aggregating single-value models is to assume that agents 

each have an individual expectation and follow a non-uniform method of 

constructing the expected value. That is, the environment of the agents determines 

not only the type of expectations, but also the method of their creation, see e.g. 

Curtin (2019). Due to this and similar approaches I see some problems. First of all, 

the problem of aggregating the expectations – as well as the aggregation of other 

heterogeneous individual data – is not yet solved. The second point is the context 

dependency of expectations. The context, the circumstances – but first and 

foremost their assessments – are subjective and individual elements in the process 

of creation of expectations. The latter depends also on a lot of other personal factors 

(preferences, etc.). Thus, finally there are individually colored contexts 

determining together with other elements related to the same individual’s 

heterogeneous expectations. The uncertainty of uncertainties is essentially just 

uncertainty; therefore, the introduction of context dependency appears to be a more 

                                                      

 
1 But it does not make anyone rational to have rational expectations. The two concepts are different. It is 

one thing to have a rational expectation and another to use a rational expectation type in modelling. 
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or less futile step – at least until the mechanisms behind the mentioned processes 

are more thoroughly identified. Recent research conducted by Curtin and others 

(for example, Fuhrer, 2017; Rots, 2017) can be considered as the beginning of new 

analyses. 

The above ideas led to the main question for this study: what is the effect 

of including alternative expectation types for the same model while keeping the 

other assumptions based on the literature. Since expectations result from individual 

judgement, i.e. they can be considered subjective. I treat them as subjective factors 

in the models. One of the major challenges in economic modelling is how to 

represent the expectations of economic agents in a modelling environment. In this 

study, I introduce the types of expectations mostly used in the literature into the 

discrete, dynamic and linearized versions of the IS-LM model. In addition, I focus 

on aggregate expectations, i.e. I do not look at how expectations for the national 

economy are derived from individual expectations. Applying expectations into 

economic modelling raises the issue of dynamics. This means going beyond 

temporal statics. However, this change brings further difficulties: the dynamic IS-

LM model is, even in its simplest version, quite complicated. Therefore, I examine 

the properties of the dynamic case first and then proceed to apply expectation types. 

One might ask why I work with a dynamic IS-LM model: of course, I am aware 

that – especially after behavioral economics’ impressive results – there are a lot a 

complex macroeconomic models with different kinds of expectations, however, 

first of all, I was looking here for a model whose basic version is widely known. 

Second, it is a model very close to Keynes’ fundamental idea that psychology is an 

important element of almost all economic decisions, implying that expectations 

have to be taken in account not only when financial decisions are made but also in 

the cases of deciding any other economic problem (Keynes, 1937). Moreover, we 

should not forget that there are many studies and theories that incorporate 

expectations into such a dynamic IS-LM model (NavarroTomé, 2022; Altar, 2008; 

Szomolányi et al., 2016). A dynamic macro model requires simplifications to make 

it easier to use. Nevertheless, at the societal level, the subjective factor – 

expectations – can be included in the model and its impact on the whole economy 

can be assessed. Our study demonstrates how the Keynesian IS-LM model can deal 

with expectations in its discrete, dynamic version. Then, I examine how 

expectations affect the stability properties of the system. The 20th century brought 

significant changes in economics. As a result of social and economic changes, it 

became necessary to take into account factors in economic models that had 

previously been present had either been ignored or part of a simplistic, two-

dimensional caricature which did not affect the properties of the system. A 

milestone in the field was the inclusion of expectations and, at the same time, 

dynamics. 

I consider the types of expectations accepted and used in the literature to 

show whether the choice of expectation type affects the behavior of the model. 

Finally, I conclude our study with a numerical example where I derive the 

parameter values from the literature and the available dataset. Section 2 contains 

the literature review. I examine the basic, linear discrete dynamic IS-LM model in 

Section 3. In Section 4, I expand the basic model with expectations, then in Section 
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5 I demonstrate a numerical example. I summarize and indentify further research 

goals in Section 6.  

2. Literature review 

 “The General Theory of Employment is a useful book; but it is neither the beginning nor the 

end of Dynamic Economics.” (Hicks, 1937:159) 

We owe the creation of the IS-LM model based on Keynesian principles to Hicks 

(1937). The model still exists today, although it has changed. Its success is due to 

the ease with which its relationships can be applied into econometric models (De 

Vroey, 2004a; De Vroey, 2004b). Hicks' original model was static, suggesting that 

he did not intend to make it dynamic. His original model is the textbook version of 

the IS-LM model, with some minor modifications, and has been refined over the 

decades to apply the aggregate production function of Modigliani, who also 

introduced the labor market (Modigliani, 1944). 

The inclusion of an increasing number of new factors and perspectives led to 

the expansion of the model. The remaining equilibrium of the commodity and 

money markets is represented by these two relationships. At the same time, several 

extensions were added, including the Phillips curve (Phillips, 1958), the inclusion 

of rational expectations (Lucas, 1976), and the AS curve (Rule et al., 1975). Despite 

the fine-tuning, theoretical macroeconomists have criticized the model's lack of 

microeconomic foundation and behavioral consistency (King, 2000). Applied 

macroeconomists have criticized the model for requiring the correlation between 

output and capacity to be zero. The central bank rejected the notion of policy 

irrelevance in the model. I will focus on the dynamic version of the model and 

review the literature. There are several versions of the dynamic IS-LM model, one 

of the earliest being Torre's (1977), which includes Kaldor's investment function, 

meaning that the level of investment depends on both the interest rate and income. 

However, in the classic textbook example, the investment function depends on the 

interest rate and the expectations of economic agents (allowing for autonomous 

investment demand). 

As a starting point, consider the following discrete model, based on De 

Cesare and Sportelli (2005): 

𝑌𝑡 − 𝑌𝑡−1 = 𝛼[𝐼(𝑌𝑡−1, 𝑟𝑡−1) + 𝐺𝑡−1 − 𝑆(𝑌𝑡−1
𝐷 ) − 𝑇𝑡−1] 

𝑟𝑡 − 𝑟𝑡−1 = 𝛽[𝐿(𝑌𝑡−1, 𝑟𝑡−1) − 𝑀𝑡−1]     (1) 
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where 

𝑌𝑡 income in the tth period 

𝑟𝑡 nominal interest rate in the tth period 

𝐼(𝑌𝑡 , 𝑟𝑡) investment function (Kaldor-type) 

𝐺𝑡 government expenditure in the tth period 

𝑇𝑡 tax revenue in the tth period 

𝑌𝑡
𝐷 disposable income in the tth period 

𝑆(𝑌𝑡
𝐷) savings function, which is related to the disposable income 

𝑀𝑡 nominal money supply in the tth period 

𝐿(𝑌𝑡 , 𝑟𝑡) money demand function in the tth period 

𝛼 coefficient of adjustment of the commodity market, expressing how strongly 

interest rate changes respond to money market imbalances 

𝛽 the money market adjustment coefficient, expressing how strongly income 

changes respond to commodity market imbalances 

In some cases, other equations are added to the above, depending on the 

aspects of macroeconomics that modelers emphasize on the basis of the literature. 

Shinashi (1981) extends the above relationships to include the Phillips curve and 

the government budget balance, and another study (Shinashi, 1982) works with 

Kaldor's non-linear investment function. In the model of Rajpal et al. (2022), in 

addition to the two basic equations above, the investment function, the saving 

function, the money demand function, and government expenditure are non-linear, 

and the two basic equations show the time evolution of capital accumulation and 

restrictions on government funds. Sportelli et al. (2014) apply the lag to the public 

sector but introduce the fiscal balance as a third equation. Bifurcation analysis is 

quite common in the continuous version of the dynamic IS-LM model, as illustrated 

by Cai (2005). Neri and Venturi (2007) also studied bifurcation in a nonlinear fixed 

price model based on Shinashi's model. The classical extensions of the original IS-

LM model include the assumption of an open economy, the inclusion of the 

consumption function, the consideration of portfolio decisions and the 

incorporation of the micro-foundations of investment timing into the basic model 

(De Vroey, 2004a; De Vroey, 2004b). 

3. The basic dynamic linear IS-LM model 

I consider a closed economy and use the classical linear equations used in textbook 

models. Suppose that the endogenous values are income and the nominal interest 

rate. The other values are exogenous. 𝐼0 is the autonomous investment and 𝑎 

represents the interest rate sensitivity of investment. By definition, 𝑎 ≤ 0. This 

means that interest rate movements and changes in the value of the investment are 

in opposite directions. To determine the saving function in relation to disposable 

income, I apply the following relations: 𝑆𝑡(𝑌𝑡−1) = 𝑆0 + �̂�𝑌𝑡−1
𝐷𝐼𝑆 = −𝐶0 + �̂�𝑌𝑡−1

𝐷𝐼𝑆, 

𝑌𝑡−1
𝐷𝐼𝑆 = 𝑌𝑡−1 − 𝑇𝑡−1, where I suppose that 𝑇𝑡−1 is a net tax, i.e. this is corrected for 

transfers and 𝑇𝑡 = 𝑇𝑡−1 = 𝑇𝑡−2 = ⋯ = 𝑇0. In addition, �̂� is the savings rate, which 
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measures the share of income that is allocated to save, 0 ≤ �̂� < 1. 𝑎 represents the 

interest rate sensitivity of investments.  

The equation presenting the equilibrium points in the goods market is as 

follows, where 0 ≤ 𝛼: 

𝑌𝑡 = 𝑌𝑡−1 + 𝛼[𝐼0 + 𝑎𝑟𝑡−1 + 𝐺𝑡−1 + 𝐶0 − �̂�(𝑌𝑡−1 − 𝑇0) − 𝑇0]  (2) 

The equilibrium points of the money market are determined by the 

following equation, assuming a linear money demand function: 

(𝑌𝑡−1, 𝑟𝑡−1) = 𝑚𝑌𝑡−1 + 𝑘𝑟𝑡−1 , where  𝑘 is the slope of the money demand function, 

which shows how much a unit change in nominal interest rate results in a change 

in money demand (𝑘 ≤ 0). It means that the interest rate movements and changes 

in the value of the money demand are in opposite directions. 𝑚 shows how much a 

unit change in income results in a change in money demand, i.e. the slope of the 

money demand function (0 ≤ 𝑚 < 1). I have the  following money supply 

function, 
𝑀𝑡−1

𝑃𝑡−1
, where 𝑀𝑡−1 is the nominal money supply in the (𝑡 − 1)th period and 

𝑃𝑡−1 is the price level in the (𝑡 − 1)th period. So the equation representing the 

equilibrium points in the money market is as follows: 

𝑟𝑡 = 𝛽𝑚𝑌𝑡−1 + (1 − 𝛽𝑘)𝑟𝑡−1 − 𝛽
𝑀𝑡−1

𝑃𝑡−1
     (3) 

So �̂� =
𝜕𝑆

𝜕𝑌
≥ 0, 𝑘 =

𝜕𝐿

𝜕𝑟
≤ 0,𝑚 =

𝜕𝐿

𝜕𝑌
> 0, 𝑎 =

𝜕𝐼

𝜕𝑟
≤ 0. In addition, similarly to the 

equation of the commodity market, 0 ≤ 𝛽. 

The system of difference equations is then the following: 

[
𝑌𝑡
𝑟𝑡
] = [

1 − 𝛼�̂� 𝛼𝑎
𝛽𝑚 1 + 𝛽𝑘

] [
𝑌𝑡−1
𝑟𝑡−1

] + [
𝛼(𝐼0 + 𝐺𝑡−1 + 𝐶0 + (�̂� − 1)𝑇0)

−𝛽
𝑀𝑡−1

𝑃𝑡−1

]  (4) 

Below I calculate the conditions for the stability of the steady state 

equilibrium. The steady state vector is considered to be stable if two conditions are 

satisfied simultaneously.  

First condition is that |𝐼 − 𝐴| ≠ 0 (Galor, 2005) is the condition of the uniqueness of 

the steady state equilibrium, where 𝐼 = [
1 0
0 1

] and 𝐴 is the coefficient matrix. In this 

case the condition is �̂�𝑘 ≠ −𝑎𝑚. The inequality is satisfied whenever the parameters 

are allowed to vary within the intervals specified in the model. 

The second condition is that the eigenvalues of the matrix 𝐴 are strictly less 

than 1 in absolute value (Galor, 2005). If the absolute value of either eigenvalue is 

greater than 1, then the steady state is unstable. If one of the eigenvalues is equal to 1, 

then further analysis is required to determine stability. The eigenvalues of the 

coefficient matrix are (𝜆1, 𝜆2) of 𝐴 = [
1 − 𝛼�̂� 𝛼𝑎
𝛽𝑚 1 + 𝛽𝑘

] matrix, i.e. (1 − 𝛼�̂� −

𝜆)(1 + 𝛽𝑘 − 𝜆) − 𝛼𝑎𝛽𝑚 = 0. So 

𝜆2 + 𝜆(𝛼�̂� − 𝛽𝑘 − 2) + (1 + 𝛽𝑘 − 𝛼�̂� − 𝛼�̂�𝛽𝑘 − 𝛼𝑎𝛽𝑚) = 0   (5) 
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When solving the quadratic equation, I get the following eigenvalues: 

𝜆1,2 =
[(2 − 𝛼�̂� + 𝛽𝑘) ± √[(2 − 𝛼�̂� + 𝛽𝑘)2 − 4(1 − 𝛼�̂� + 𝛽𝑘 − 𝛼�̂�𝛽𝑘 − 𝛼𝑎𝛽𝑚)]]

2
 

The key factors about stability are 𝛼, �̂�, 𝛽, 𝑘,𝑚, 𝑎. I can conclude that the 

problem is very complex and that stability depends on a considerable number of 

parameters. The dynamic IS-LM model becomes so complicated, even with linear 

relationships, that it is only possible to examine stability after estimating the 

parameters or providing concrete values. I will return to this issue in the numerical 

example. 

4. Expanded IS-LM model with expectations 

The inclusion of expectations in the IS-LM model added dynamism, as the 

consideration of expectations is only possible with the consideration of time. While 

Friedman assumed systematic, costly and easily correctable errors in the expectations 

of economic agents, Sargent and Wallace's new-classical model emphasized 

immunity to systematic errors through the incorporation of rational expectations (De 

Vroey, 2004a; De Vroey, 2004b). According to Krugman (1991), the structure of the 

economy plays an important role in determining the importance of expectations in the 

economic process. Agreeing with King (1993) – that incorporating expectations into 

a dynamic IS-LM model makes sense from the commodity market side – I apply 

expectations into the investment demand through the following equation: 

 𝐼𝑡 = 𝐼0 + 𝑎𝑟𝑡−1. I expand the original equation by considering the autonomous 

investment, which refers to the investment value that does not depend on the interest 

rate. Let the autonomous investment – i.e. one independent from the interest rate – be 

a function of expected income, that is 𝐼0 = 𝑓(𝑌𝑡
𝑒𝑥𝑝
) = 𝐼00 + z𝑌𝑡

𝑒𝑥𝑝
, where 𝐼00 

represents the investment independent of expected income and 0 < 𝑧 ≤ 1. 𝑧 is the 

expected income sensitivity of autonomous investment. 𝑌𝑡
𝑒𝑥𝑝

 is the expected income 

for the tth time-period. This factor influences the amount of investment in the tth 

period, 𝐼𝑡(𝐼00, 𝑟𝑡−1, 𝑌𝑡
𝑒𝑥𝑝
). The more favorable the sentiment, the higher the 

investment demand will be. Conversely, the worse the sentiment, the lower the 

investment demand. Thus, autonomous investment has a component that depends on 

expected income and a component that is independent of income, namely 

𝐼𝑡 = 𝐼00 + 𝑎𝑟𝑡−1 + 𝑧𝑌𝑡
𝑒𝑥𝑝

      (6) 

Below, I examine how different types of expectations influence the outcome 

of the system. The various types of expectations, focusing on our model with expected 

income, are as follows2: 

                                                      

 
2 Although the equations seem clear, the literature suggests that there is no uniform interpretation of each 

type of expectation. 
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1. Rational: 𝑌𝑡
𝑒𝑥𝑝

= 𝐸𝑡−1(𝑌𝑡 ∣∣ Ω𝑡−1 ), where Ω is the information set.  

2. Adaptive: 𝑌𝑡
𝑒𝑥𝑝

= 𝑌𝑡−1
𝑒𝑥𝑝

+ 𝛿(𝑌𝑡−1 − 𝑌𝑡−1
𝑒𝑥𝑝
), where 0 < 𝛿 < 1. 

3. Simple: 𝑌𝑡
𝑒𝑥𝑝

= 𝑌𝑡−1 

Including expectations only changes the IS equation as follows: 

𝑌𝑡 = 𝑌𝑡−1 + 𝛼[𝐼00 + 𝑎𝑟𝑡−1 + 𝑧𝑌𝑡
𝑒𝑥𝑝

+ 𝐺𝑡−1 + 𝐶0 − �̂�(𝑌𝑡−1 − 𝑇0) − 𝑇0] (7) 

Let us examine how the listed types of expectations modify the original linear 

dynamic IS-LM model. In all cases I examine the conditions for the existence of the 

steady-state vector and the stability of the steady-state equilibrium, i.e. I investigate 

whether it holds that |𝐼 − 𝐴| ≠ 0 and the eigenvalues of the 𝐴 matrix are between −1 

and 1. In this section, I present the analytical analysis of the problems, and later, 

during the numerical tests, I shed light on the practical applicability. 

4.1. Rational expectation 

Rational expectation is an approach to economic modelling that assumes that 

economic agents form their expectations based on all available information. There is 

a large amount of literature on different interpretations of rational expectation, and the 

challenge for the modeler is to select the most relevant version of it. Rational 

expectations theory assumes that economic agents use the information available to 

them rationally and optimally to forecast future outcomes. As stated in King's article, 

“expectations about the future require that the long run and the short run are treated 

jointly” (King, 1993:75.) In my opinion, there is one weak point of using rational 

expectations in the model: the time horizon. In the case of the long run in economic 

terms, the concept of perfect foresight is the most appropriate one for rational 

expectations (in line with Dornbusch's claim that perfect foresight is the deterministic 

equivalent of rational expectations (Dornbusch, 1976). In this sense, perfect foresight 

is actually a special case where economic agents are aware of the long-term 

equilibrium value of the variable under consideration. However, this does not imply 

that they will also expect it for every period. 

In this model applying rational expectations of the economic agents means 

that 𝑌𝑡
𝑒𝑥𝑝

= 𝑌𝑡 ,  i.e. I apply the short-run perfect foresight case of the rational 

expectation. This is the most common case in modelling. This version of the model is 

a good example of how rational expectation also has an impact, in our case on the 

stability of the steady state equilibrium. With this addition, the model looks as follows, 

where only the equation of the IS curve changes in the 2x2 case, where I must 

conclude that (𝛼𝑧) cannot be equal to 1: 

[
𝑌𝑡
𝑟𝑡
] = [

1−𝛼�̂�

1−𝛼𝑧

𝛼𝑎

1−𝛼𝑧

𝛽𝑚 1 + 𝛽𝑘
] [
𝑌𝑡−1
𝑟𝑡−1

] + [

𝛼

1−𝛼𝑧
(𝐼0 + 𝐺𝑡−1 + 𝐶0 + (�̂� − 1)𝑇0)

−𝛽
𝑀𝑡−1

𝑃𝑡−1

]  (8) 
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1st condition: |I − A| = |
α(z−ŝ)

1−αz

𝛼𝑎

1−αz

βm −βk
| =

α(z−ŝ)

1−αz
(−βk) −

𝛼𝑎

1−αz
βm →  k(z − ŝ) ≠

𝑎𝑚. The inequality suggests that it is a necessary condition for stability and that it is 

rather complicated, as household sector saving (�̂�), money market developments 

(𝑘,𝑚), the interest rate sensitivity of investment (𝑎) and the – newly introduced – 

parameter (𝑧) all play a role in the inequality. 

2nd condition: For the stability, the eigenvalues of the matrix 𝐴 are strictly less than 

1 in absolute value. The eigenvalues are the solution of the following equation: 

𝜆2 + 𝜆 (
1 − 𝛼�̂�

1 − 𝛼𝑧
+ 𝛽𝑘 + 1) + (

1 + 𝛽𝑘 − 𝛼�̂� − 𝛼�̂�𝛽𝑘 − 𝛼𝑎𝛽𝑚

1 − 𝛼𝑧
) = 0 

𝜆1,2 =

[(−1) (1 + 𝛽𝑘 +
1 − 𝛼�̂�
1 − 𝛼𝑧

) ± √[(1 + 𝛽𝑘 +
1 − 𝛼�̂�
1 − 𝛼𝑧

)
2

− 4(
1 + 𝛽𝑘 − 𝛼�̂� − 𝛼�̂�𝛽𝑘 − 𝛼𝑎𝛽𝑚

1 − 𝛼𝑧
)]]

2
 

Is summary, applying rational expectation into the discrete dynamic IS-LM 

model causes changing in the stability conditions of the steady-state equilibrium. It 

can be concluded that the inclusion of expectations in the base model is capable of 

changing the dynamics of the model, but in different ways. As can be seen, the 

conditional systems have become more complex with the inclusion of different types 

of expectations. For this reason, the properties of the model are further investigated 

by means of a numerical example. 

4.2. Adaptive expectations 

The adaptive expectation type is an expectation-theoretic approach to economic 

modelling, according to which economic agents form their expectations based on the 

experience of previous periods. This means that agents consider not only the current 

situation but also the changes observed in previous periods. In case of adaptive 

expectation, economic agents use past data to judge what changes will occur in the 

future. The model is extended to three equations, as follows. 

[

𝑌𝑡
𝑟𝑡
𝑌𝑡
𝑒𝑥𝑝
] = [

1 − 𝛼�̂� + 𝛼𝑧𝛿 𝛼𝑎 𝛼𝑧(1 − 𝛿)

𝛽𝑚 1 + 𝛽𝑘 0
𝛿 0 1 − 𝛿

] [

𝑌𝑡−1
𝑟𝑡−1
𝑌𝑡−1
𝑒𝑥𝑝
] + [

𝛼(𝐼00 + 𝐺𝑡−1 + 𝐶0 − (�̂� + 1)𝑇0)

−𝛽
𝑀𝑡−1

𝑃𝑡−1

0

]         (9) 

Here I will also focus on the stability conditions of the steady-state 

equilibrium.  
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1st condition: 

 |𝐼 − 𝐴| = |
𝛼�̂� − 𝛼𝑧 𝛼𝑎 𝛼𝑧(1 − 𝛿)
𝛽𝑚 −𝛽𝑘 0
𝛿 0 𝛿

| = 

(𝛼�̂� − 𝛼𝑧)(−𝛽𝑘)𝛿 + 𝛼𝑧(1 − 𝛿)𝛽𝑘𝛿 − 𝛼𝑎𝛽𝑚𝛿 = 
                                𝛼(�̂� − 𝑧)(−𝛽𝑘)𝛿 + 𝛼𝑧(1 − 𝛿)𝛽𝑘𝛿 − 𝛼𝑎𝛽𝑚𝛿. 

So the condition is (�̂� − 𝑧)(−𝑘) + 𝑧(1 − 𝛿)𝑘 − 𝑎𝑚 ≠ 0. The interpretation 

of the condition is complicated because all parameters in the model affect its value.  

2nd condition: The eigenvalues (𝜆1, 𝜆2, 𝜆3) are the solution of the following equation:  

(1 − 𝛼�̂� + 𝛼𝑧𝛿 − 𝜆)(1 + 𝛽𝑘 − 𝜆)(1 + 𝛿 − 𝜆) 
−𝛼𝑧(1 − 𝛿)(1 + 𝛽𝑘 − 𝜆)𝛿 − (𝛼𝑎𝛽𝑚(1 − 𝛿) − 𝜆) = 0 

The above relation can also only be further analyzed if I apply a numerical 

example to it. The equation is of degree three, so I cannot find its roots parametrically 

using analytical methods. 

4.3. Simple expectation 

The next special case is the simple expectation, i.e. 𝑌𝑡
𝑒𝑥𝑝

= 𝑌𝑡−1.  In this type of 

expectation, economic agents determine their expectations for the next period by 

observing the current value of the variable in question and expecting it for the next 

period. It concludes that 𝐼𝑡 = 𝐼00 + 𝑎𝑟𝑡−1 + z𝑌𝑡−1. The discrete difference equation 

system is, where 𝑌𝑡
𝑒𝑥𝑝

= 𝑌𝑡−1: 

[
𝑌𝑡
𝑟𝑡
] = [

1 − 𝛼�̂� + 𝛼𝑧 𝛼𝑎
𝛽𝑚 1 + 𝛽𝑘

] [
𝑌𝑡−1
𝑟𝑡−1

] + [
𝛼(𝐼00 + 𝐺𝑡−1 + 𝐶0 + (�̂� − 1)𝑇0)

−𝛽
𝑀𝑡−1

𝑃𝑡−1

] (10) 

1st condition:  

|𝐼 − 𝐴| = |
𝛼�̂� − 𝛼𝑧 𝛼𝑎
𝛽𝑚 −𝛽𝑘

| = 

                                  (𝛼�̂� − 𝛼𝑧)(−𝛽𝑘) − 𝛼𝑎𝛽𝑚 →  𝑘(𝑧 − �̂�) ≠ 𝑎𝑚. 

The stability properties are influenced not only by the parameters of the original 

model, but also by the weight of the expected income of economic agents in the 

value of the autonomous investment (𝑧). 
2nd condition: The eigenvalues are the solution of the following equation: 

𝜆2 + 𝜆(𝛼�̂� − 𝛼𝑧 + 𝛽𝑘 − 2) + (1 + 𝛽𝑘 − 𝛼�̂� − 𝛼�̂�𝛽𝑘 − 𝛼𝑎𝛽𝑚 + 𝛼𝑧 + 𝛼𝑧𝛽𝑘) = 0  

𝜆1,2 =
[(2 − 𝛼�̂� − 𝛼𝑧 + 𝛽𝑘) ± √[(2 − 𝛼�̂� − 𝛼𝑧 + 𝛽𝑘)2 − 4(1 − 𝛼�̂� + 𝛽𝑘 − 𝛼�̂�𝛽𝑘 + 𝛼𝑎𝛽𝑚 + 𝛼𝑧 + 𝛼𝑧𝛽𝑘)]]

2
. 

The result is a similarly complicated relationship as for the previous model 

versions. We need to further investigate the numerical examples in order to show the 

properties of the simple expectation type.  
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In this section I have shown analytically the effect on the stability of the steady 

state vector of including a subjective factor in the dynamic IS-LM model via the 

investment function: this factor is the expectation of income. I have seen that the 

conditions for the stability of the steady state equilibrium are already complicated in 

the case without expectations and with expectation too. Since no general relationships 

between the parameters has been discovered, I will now examine the systems of 

differential equations using a numerical example.  

5. Numerical examples  

In the first step I focus on the stability conditions of the model. For further 

examining the model, I present its operation through a numerical example. First, I 

examine the stability of the basic model where the parameters belong to the 

following intervals with 0.1 step-spacing: 𝛼 = [0.1: 0.1: 0.9], 
𝛽 = [0.1: 0.1: 0.9], �̂� = [0.1: 0.1: 0.9], 𝑧 = [0.1: 0.1: 0.9], 𝛿 = [0.1: 0.1: 0.9],
𝑚 = [0.1: 0.1: 0.9], 𝑎 = [−0,9: 0.1:−0.1], 𝑘 = [−0,9: 0.1:−0.1].  By using 

simulation, parameter combinations can be determined that ensure the stability of  

the system, using Matlab software. In the simulation, all possible combinations of 

parameters that satisfy both the first and the second condition were tested. 

The aim of the simulation is to investigate, with the same parameter 

intervals, how much the steady-state equilibrium of the basic dynamic IS-LM 

model and its variants extended with different types of expectations changes. Table 

1 shows, for parameter combinations that satisfy the first and second conditions, 

the percentage of stable cases in which the system remains stable as the parameter 

intervals begin to narrow to the economically relevant range. 

Table 1. Stable cases in the basic and in the extended models 

Model 1st and 
2nd 

conditions 

satisfied 
(number 

of cases)3 

�̂�
= [0.1,0.2] 

(as a 

percentage 

of stable 
cases) 

�̂� = [0.1,0.2] 
𝑚
= [0.1 ,0.2, 0.3, 0.4] 

(as a percentage of 

stable cases) 

�̂� = [0.1,0.2] 
𝑚 = [0.1 ,0.2, 0.3, 0.4] 
𝑘
= [−0.1 ,−0.2, −0.3,−0.4] 

(as a percentage of stable 
cases) 

�̂� = [0.1,0.2] 
𝑚 = [0.1 ,0.2, 0.3, 0.4] 

𝑘
= [−0.1 ,−0.2, −0.3,−0.4] 

𝑎 = [−0.1,−0.2] 
(as a percentage of stable 

cases) 

Basic 121256 17.9 11.9 1.5 0.8 
Rational 

expectati

on 
83108  48.2 22.0 5.3 1.4 

Adaptive 117436  51.9 14.5 14.54 14.54 

Simple 
16855 

 
0.2 0.1 0.1 0 

Source: own construction 

Note: When narrowing the parameter ranges, I show the number of cases as a percentage of 

stable cases 

                                                      

 
3 The total number of simulations run depended on the number of parameters included in the model version. 
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The first column shows the number of cases found in the simulation where 

the parameter combinations satisfy the first and second conditions simultaneously. 

The second column shows the percentage of stable cases, where I have narrowed 

the range of values that can be taken up by the savings rate when the first and 

second conditions are satisfied simultaneously. The third column shows the 

restriction of the value of the parameter of the money demand function. In the 

fourth column, I also restrict the value of the other parameter of the money demand 

function. In the fifth column, I also restrict the interest rate sensitivity of investment 

to the economically relevant range. Restricting the parameters to the economically 

relevant range resulted in the simulation that there are significantly fewer stable 

cases in the numerical example when expectations are included in the model. In 

addition, it can be seen across all model variants that restricting the parameters to 

the appropriate interval reduces the number of stable cases in each variant. At the 

highest percentage, the incorporation of the adaptive expectation type results in 

stable cases even after the narrowing. 

5.1. Basic model 

Running a simulation with the conditions, I found 121,256 cases where both 

conditions are met within the specified intervals, which do not contain economic 

inconsistencies. I adjusted these case numbers by narrowing the interval of parameters 

to an economically relevant range, which is �̂� = [0.1; 0.2], 𝑚 = [0.1: 0.1: 0.4], 
𝑘 = [−0.1: 0.1:−0.4], is 𝑎 = [0.1; 0.2] The points were obtained in intervals that are 

realistic for an empirical study, for example, Oblath and Palócz (2020), Árvai and 

Menczel (2001), Reichel (2022). Hence, only 0.8% of the cases are economically 

relevant and consistent with the empirical literature. Below, I perform a simulation 

study of the dynamic IS-LM model augmented with certain expectation types for the 

same parameter intervals. 

5.2. Rational expectations 

During the simulations I tested all parameters which I presented above and found 

83,108 cases when the first and second conditions satisfied in the same time. The 

economically relevant ranges mentioned in the base case are adjusted for the 

interest rate sensitivity of investment, money market parameters, and the savings 

rate. The fact that 𝑧 could range between 0.1 and 0.9 during the simulation, the 

stable cases have values between 0.1 and 0.5. It can be shown that the higher the 

value of 𝑧, the fewer stable cases are found. This means that the higher share of 

expected income in the investment that is independent of the interest rate, the fewer 

stable cases can be identified. 
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Figure 1. In case of applying rational expectation formula in the dynamic IS-LM 

model 

 

Source: own construction 

Note: The expected income sensitivity parameter (z) can change the number of 

stable cases 

Hence, the more weight given to expected income, the more unstable the 

equilibrium. 1.38% is the proportion of cases that were validated in the simulation 

based on the economics literature. 

5.3. Adaptive expectations 

In this case, expected income is now part of the model and can be determined based 

on the model's internal equations and variables. I extend the parameter intervals 

previously given to include the parameter for adaptive expectations, which can take 

values between 0 and 1. This parameter is a value that ranges from 0.1 to 0.9 with 0.1 

steps and is used to represent how individuals adjust their expectations based on new 

information. The simulation was run by first defining the parameter combinations that 

satisfy the second condition within the parameter interval. Then the cases were 

narrowed down to those combinations that satisfy the first condition. This yielded the 

117,436 stable cases. Compared to the stable cases in the base model, this number of 

cases is not much lower, and in fact the number of stable cases in the economically 

relevant parameter range is significantly higher than in the base and other extended 

cases. The reason for this is not only the perceived efficiency of the learning process, 

but it should also be noted that for this model variant the expected income is also an 

endogenous variable, the introduction of which has changed the properties of the 

baseline model. 

5.4. Simple expectations 

In the analytical analysis I have seen that the simple expectation case modifies the 

stability conditions of the steady state equilibrium compared to the baseline model. I 

have found significantly fewer stable cases compared to the other model variants. 

Moreover, in the economically relevant range, the steady state equilibrium is not 
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stable for the given parameter intervals. The message is that this formulation almost 

always results in an unstable economy within economically relevant parameter ranges.  

6. Conclusion 

In this study, I have aimed to investigate how to apply subjective factors into an 

economic model; this subjective factor is the expectation.  I have used the IS-LM 

model, its discrete, dynamic, linear version to show the effect of applying different 

types of expectations. The inclusion of dynamics has been justified due to the temporal 

evolution of expectations. First, I wrote down the basic model and examined the 

steady-state equilibrium conditions. Then I examined the conditions for rational 

expectation, adaptive expectation and simple expectation cases. To account for the 

large number of parameters and the complexity of their combination, simulations were 

carried out. I have found the most stable cases for the base model, although the number 

of stable cases decreased significantly as the parameters were reduced. Then, for the 

models augmented with each type of expectation, I have looked at how the number of 

stable cases evolved as the interval of parameters narrowed. The reason for the 

narrowing was to approximate the parameter range to the economically relevant on. 

For the simple expectation, I have not found stable cases within the economically 

relevant parameter intervals. The learning process proved to be the most efficient, i.e. 

the application of the adaptive expectation type. It is interesting to note that varying 

the expecting parameter of adaptive expectation produced roughly the same number 

of stable cases within the economically relevant intervals. Using adaptive expectation 

has resulted in a higher percentage of stability than using the most common type of 

expectation, rational. 

The research reported on here has uncovered many new areas for 

investigation, which can form the basis for further studies investigating the question 

how the model can be tested in the case of an open economy. In addition, an empirical 

test of the parameters can also be carried out, possibly for a specific country. Finally, 

researchers can look for cases that may be relevant for economic decision-making.  
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